Following Harrison and Kreps (1979) and Harrison and Pliska (1981) , the valuation of contingent claims in continuous-time and discrete-time finite state space settings is generally based on the no-arbitrage principle, and the use of an equivalent martingale measure. In contrast, for some of the most popular discrete time processes used in finance, such as GARCH processes, the existing literature exclusively uses equilibrium arguments based on the specification of a pricing kernel or a representative agent. We demonstrate that contingent claims can be valued in a conditionally lognormal, discrete time, infinite statespace setup using only the no-arbitrage principle and an equivalent martingale measure which we characterize. Our valuation framework allows for conditionally heteroskedastic stock returns (e.g. GARCH) and generalizes the processes for stock returns investigated in Duan (1995) and Heston and Nandi (2000) by allowing for time-varying interest rates and a time-varying price of risk.
Introduction
A contingent claim is a security whose payoff depends upon the value of another underlying security. A valuation relationship is a formula relating the value of the contingent claim to the value of the underlying security and other variables. The most popular approach for valuing contingent claims is the use of a Risk Neutral Valuation Relationship (RNVR).
Most of the literature on contingent claims and most of the applications of the RNVR have been cast in continuous-time. Early applications used a no-arbitrage argument and a complete markets setting to obtain a RNVR (see Black and Scholes (1973) , Merton (1973 Merton ( ,1974 , Ingersoll (1977) and Brennan and Schwartz (1977) ). This approach implies a partial differential equation (PDE), which does not contain investor preferences, relating the value of the contingent claim to the underlying asset. The solution to this PDE subject to boundary conditions provides a RNVR. In the complete markets case, where every contingent claim can be replicated by a self financing portfolio of the underlying basic assets in the market, the RNVR gives the unique price for the contingent claim. Following the contributions of Harrison and Kreps (1979) and Harrison and Pliska (1981) , it has become customary to characterize RNVRs using equivalent martingale techniques, and the defining characteristic of the complete markets case is that the equivalent martingale measure (EMM) is unique.
While a complete markets setting provides a useful benchmark, to deal with more realistic cases it is necessary to consider incomplete markets, in which case the martingale measure is not unique. For example, a very popular approach in the continuous time literature has been to price options or other contingent claims in the presence of additional sources of risk, especially stochastic volatility (see Stein and Stein (1991) , Scott (1987) , Hull and White (1987) , and Heston (1993a) ). In these cases there exist an infinity of EMMs, and the question becomes which measure to select to obtain an RNVR and a no-arbitrage price for the contingent claim. Equilibrium arguments may be used to motivate a particular equivalent martingale measure and the corresponding price of risk (see Heston (1993a) ).
While the continuous-time approach offers many advantages, the valuation of contingent claims in discrete time is also of substantial interest. For example, when hedging option positions, rebalancing decisions must be made in discrete time. In the case of American and exotic options early exercise decisions must be made in discrete time as well. Note also that as only discrete observations are available for empirical study discrete time models are often more econometrically tractable. As a result, most of the stylized facts characterizing the underlying securities have been studied in discrete time models. For instance, there is a very substantial body of work on the stochastic properties of asset returns using the GARCH framework of Engle (1982) and Bollerslev (1986) that is relevant for the valuation of derivatives. 1 Interestingly, such GARCH models can sometimes be viewed as discrete time approximations to underlying continuous time diffusions. 2 This paper shows that only few and easily interpretable technical conditions are required when developing the no-arbitrage valuation relationship in these discrete time models. In a discrete time finite state space setting, Harrison and Pliska (1981) provide the mathematical framework to obtain the existence of the risk neutral probability measure, to demonstrate uniqueness in the case of complete markets, and to get a RNVR for any contingent claim. However, the most interesting cases from an empirical perspective, including the GARCH case mentioned above, amount to an infinite state space setup, with the innovations for underlying asset returns described by continuous distributions. Note that in this case the market is incomplete, since the dimension of the state space is larger than the number of independent securities. In this setup, it is in general not possible to construct a portfolio containing the contingent claim and the underlying asset in some proportions so that the resulting portfolio becomes riskless. The solution in the available literature on the valuation of contingent claims in a discrete-time infinite state space setup is to specify a representative agent economy (or equivalently to specify a pricing kernel). The resulting first order condition yields an Euler equation that can be used to price any asset. This technique effectively amounts to picking one particular EMM among the infinite number available, and the EMM entirely depends on the assumption made on the preferences of the representative agent.
Research in this literature has focused on restricting preferences in such a way that the Euler equation leads to a risk neutralization and a specification of the EMM that is analytically tractable. In practice, for many popular processes for the underlying security, specific assumptions have to be made on preferences in order to obtain a risk neutralization result. For example, Rubinstein (1976) and Brennan (1979) demonstrate how to obtain RNVRs for lognormal and normal returns in the case of constant mean return and volatility. For lognormal stock returns and a conditionally heteroskedastic (GARCH) volatility dynamic, the standard result is the one in Duan (1995) . 3 Camara (2003) , Heston (1993b) and Christoffersen, Heston and Jacobs (2004) present valuation results under alternative distributional assumptions. All these results rely on the existence of a representative agent with constant relative risk aversion or constant absolute risk aversion, or on making an equivalent assumption. In this paper we further investigate contingent claims valuation in discrete time models with an infinite state space setup. We provide results that are structured similar to the continuous time setup, in the sense that the no-arbitrage assumption and some technical conditions on the investment strategies are sufficient to show the existence of the RNVR. We assume a stock price distribution that is conditionally lognormal one period ahead under the objective measure. At first we assume that the mean return, volatility and the one period interest rate are constant. This setup is similar to one considered in Brennan (1979) . Subsequently we consider the case in which the mean return, volatility and the one period interest rate are time-varying but predetermined. Notice that this setup includes most existing papers that value contingent claims in a discrete-time infinite state space setup, including the GARCH processes investigated in Amin and Ng (1993) , Duan (1995) , Heston and Nandi (2000) , and Satchell and Timmermann (1996) . Notice also that while the one period ahead conditional distribution is lognormal, the multiperiod and unconditional distributions are not lognormal due to the conditional moment dynamics.
For constant as well as time-varying mean returns and volatility, we demonstrate the existence and give the form of the EMM, without making an explicit assumption on the utility function or the stochastic discount factor. We then show that the price of the contingent claim defined as the expected value of the discounted payoff at maturity is a no-arbitrage price.
We provide a comparison with the continuous-time setup, and specifically with the treatment of the incomplete-markets stochastic volatility case, to provide the intuition behind our approach, and to motivate the use of our technique. To appreciate our approach, note that in the continuous time stochastic volatility case, the solution for the RNVR of the contingent claim is given by a PDE that depends on the specification of the price of volatility risk. While almost all existing work with this model uses a volatility risk specification that is the product of the conditional volatility and a constant price per unit risk, 4 the underlying valuation result is based on no-arbitrage.
The assumption that the price per unit risk is constant is attractive, not only be-cause it can be motivated using a utility-based argument, but also because it leads to a closed-form solution for contingent claims prices. Different assumptions lead to different valuation formulas, and often the solution is not available in closed form.
In the discrete-time literature on option valuation, most of the recent empirical work has focused on GARCH processes, 5 presumably because of the evidence that these processes provide a good fit to speculative returns. 6 However, the literature is characterized by a limitation similar to the one in the stochastic volatility literature: the specification of the risk premium is always linear in volatility or variance, using arguments similar to that provided in Duan (1995) . It is therefore entirely possible that a different specification of the risk premium would improve the fit of these models, but so far valuation results to investigate this hypothesis have been unavailable. We obtain valuation results for general specifications of the price of risk. Interestingly, the empirical relevance of generalizing the price of risk has recently been shown by Bollerslev, Gibbons and Zhou (2005) . Notice also that the empirically favored risk premium specification in the original work by Engle, Lilien and Robins (1987) relies on the logarithm of the conditional variance. Our approach allows for such a specification whereas the utility based approaches above do not. We emphasize that our approach is related to the utility-based approach in Brennan (1979), Rubinstein (1976) , Duan (1995) , Amin and Ng (1993) and Heston and Nandi (2000) : Any assumption on the utility function can be thought of in our setup as an assumption on the risk premium. 7 Consequently the results in the existing literature obtain in our framework conditional on a particular choice of the risk premium, which amounts to a particular choice of the underlying return dynamic. Our no-arbitrage setup clearly does not amount to preference-free valuation of contingent claims, because any assumption on the equity premium implicitly corresponds to the choice of a particular utility function. However, the advantage of our approach is that we do not need to explicitly specify the preferences of a representative agent in order to obtain a RNVR. Allowing for general risk premium specifications, our work lays the groundwork for a further investigation of the specification of the price of risk and its consequences for contingent claims valuation. 7 See Bick (1990) and He and Leland (1993) for a discussion of assumptions on the utility function implicit in the specification of the return dynamic for the market portfolio.
The paper proceeds as follows. In section 2 we define the theoretical framework.
In section 3 we demonstrate the existence of the EMM both in the case of constant and time-varying mean return, volatility and risk free rate. In section 4 we develop the RNVR in the case of time varying volatility. In section 5 we discuss the relationship between our techniques and the ones in the continuous-time literature, with particular attention to the stochastic volatility model. Section 6 concludes.
Theoretical framework
We define the probability space (Ω, F, P ) to describe the objective distribution of the states of nature. The financial market consists of a zero-coupon risk-free bond index and a stock. The dynamics of the bond are described by the process {B t }
T t=1
normalized to B 0 = 1 and the dynamics of the stock price by {S t } T t=1 . We limit ourselves to one underlying stock for simplicity. The analysis is similar when considering a vector of underlying stocks. The information structure is given by the filtration F = {F t | t = 1, ..., T } generated by the stock and the bond process.
In our most general specification the underlying asset price process is conditionally lognormal under the objective measure P .
where S t is the stock price at time t and σ 2 t is the conditional variance of the innovation. Note that the expected gross rate of return is equal to exp(µ t ). This specification is a generalization of the dynamic in Duan (1995) , who assumes
In Duan (1995) , the expected gross return is exp(r + λσ t ). This is obviously a special case of (2.1). Heston and Nandi (2000) use the following dynamic
In this case the expected gross return is the sum of the risk free rate and a risk premium that consists of the product of the conditional variance and a constant price per unit of conditional variance. The absence of the − Rubinstein (1976) and Brennan (1979) . In the second step, we assume that µ t , σ 2 t and r t are time-varying but known one period ahead. We will refer to these processes as predetermined. A leading example of this is a typical GARCH process, where σ 2 t is known at the end of period t − 1 and is thus an element of F t−1 .
In both cases, we show that we can find an EMM by defining a probability measure that makes the discounted security process a martingale. Our paper differs from the existing discrete-time infinite state space literature, in the sense that we show that it is possible to obtain a RNVR without making an explicit assumption on the preferences of the representative agent. 8 Instead, we use a no-arbitrage argument that is similar to the one used in the continuous-time literature. By making an explicit assumption on the preferences of the representative agent, the existing literature on the valuation of derivatives in discrete time effectively chooses one particular no-arbitrage environment from the set of possible environments. Equivalently, a no-arbitrage setup can be chosen that does not explicitly define the representative agent's preferences, but that implicitly corresponds to a set of preferences. This paper defines a set of these potential no-arbitrage settings that are not investigated in the existing literature. For both the cases of constant and time-varying mean returns and volatility, we first prove the existence of the EMM. Subsequently we demonstrate that the price of the contingent claim, defined as the expected value of the discounted payoff at maturity, is a no-arbitrage price under the EMM. The proof uses an argument similar to the one used in the continuous-time literature, but it is more straightforward. 8 Duan (1995) refers to RNVR as Local RNVR in the case of GARCH. The reason for the distinction is that the conditional volatility is identical under the two measures only one period ahead. In the remainder of the paper we will drop this distinction for ease of exposition. We emphasize that the result that the conditional volatility differs between the two measures for more than one period ahead is to be expected as volatility is random in this case. This feature is very similar to the continuous time case, which has random volatility for any horizon. The Local RNVR distinction is therefore not necessary.
3 The existence of an Equivalent Martingale Measure
Constant mean return and constant volatility
This case is very straightforward and is included as a building block for the case of time-varying mean and volatility. In this section, the conditional volatility σ 2 t and the conditional mean return µ t are constants, and we therefore denote them by µ and σ 2 .
The stock dynamic under the objective measure P is therefore
where the innovations, ε t , are independent over time. The one period risk-free interest rate is assumed to be a constant r. The objective is to find a measure equivalent to the measure P that makes the price of the stock discounted by the riskless asset a martingale. A probability measure equivalent to P is defined as long as the RadonNikodym derivative is defined. We start by defining a density measure, and demonstrate that it is an EMM. Define ε 1:t ≡ P t i=1 ε i and note that ε 1:t ∼ N(0, σ 2 t) from the assumption of independence of the innovations. Now consider the following function of ε 1:t
Note that dQ α dP¯F t > 0. Then note that from the normality assumption we have
which demonstrates that dQ α dP¯F t defines a Radon-Nikodym derivative. We are now ready to prove the following result.
Proposition 1 For the set of equivalent measures Q α , the constantᾱ = µ−r σ 2 defines the unique equivalent measure Qᾱ that makes the discounted stock price process a martingale.
Proof. Sketch: The objective is to look for anᾱ such that Qᾱ satisfies We have demonstrated that the probability measure Qᾱ defined by the RadonNikodym derivative
is indeed an EMM. We now need to derive the distribution of the one period stock return dynamics under this EMM Qᾱ. In order to do so, we first derive the conditional distribution of the innovation ε t | F t−1 under Qᾱ.
Lemma 1 ε t | F t−1 is normally distributed with mean −(µ − r) and variance σ 2 under the EMM Qᾱ.
Proof. Follows from the definition of Qᾱ and the normal distribution of ε t | F t−1 under P . See the Appendix for the details.
We are now in a position to derive the distribution of the stock return under the EMM Qᾱ.
Proposition 2 Under the measure Qᾱ, ln
Proof. Using the distribution of stock returns under measure P from (3.1) and adding and subtracting r, we get
We have shown that given a normal process of the log stock return of the form (3.1), we can find an EMM and the distribution of the stock return under this EMM. Our approach is different from Brennan (1979) , who characterizes the utility function that provides the risk neutralization. We still need to demonstrate that this risk neutralization results allows one to price contingent claims. In Brennan (1979) , this is easily done because the Euler equation resulting from the representative agent problem allows us to price all assets. In section 4, we derive similar valuation results in a noarbitrage framework. In that section, we also discuss further the differences between our approach and that of Brennan (1979) . We first proceed by characterizing EMMs and the stock return dynamics in a setup with time-varying mean returns and timevarying volatility.
Time-varying mean return and time-varying volatility
In this section we provide the form of the EMM for conditionally log-normal stock returns with time-varying mean and volatility. We follow most of the existing discrete time literature by focusing on conditional means µ t and conditional variances σ 2 t that are F t−1 measurable. We also do not constrain the interest rate r t to be constant. It is instead assumed to be an element of F t−1 as well. Our framework is able to accommodate the class of ARCH and GARCH processes proposed by Engle (1982) and Bollerslev (1986) and used for option valuation by Duan (1995) , Amin and Ng (1993) and Heston and Nandi (2000). 9 Our approach is similar to the constant mean return and volatility case in section 3.1. The objective is to find a measure equivalent to the objective measure P that makes the price of the stock discounted by the riskless asset a martingale. An EMM is defined as long as the Radon-Nikodym derivative is defined. We start by specifying a Radon-Nikodym derivative of a probability measure. We then show that this RadonNikodym derivative defines an EMM to P that makes the discounted stock price process a martingale. This result in turn allows us to obtain the distribution of the stock return under the EMM.
As in the constant return and volatility case, there is no result available in the literature specifying the risk neutral probability measure based on the no-arbitrage principle. The existing literature relies on the Euler equation approach to define risk neutral probabilities, therefore relying on an assumption on the stochastic discount factor. Duan (1995) gives restrictions on the utility functions, which actually coincide with the specification of the stochastic discount factor dynamics in Amin and Ng (1993) . We instead define the EMM and obtain the risk neutral pricing formula without referring to a utility function. As a result we are able to present a riskneutralization for a general set of conditional log-normal processes, while existing work is confined to one particular specification of the excess stock return. This difference between our approach and the results in Duan (1995) and Heston and Nandi (2000) is of course exactly the same as the difference between our results in the previous section and the approach in Brennan (1979) and Rubinstein (1976) .
Our approach can best be thought of as specifying a whole class of potential risk neutralizations, one for each different specification of the log-normal excess return. The Euler equation approach uses a utility function to pick one of the risk neutralizations within the class we specify. Our approach demonstrates how to proceed for a large number of other cases. We again emphasize that even though we do not have to specify the pricing kernel in these cases, implicitly each specification can of course be thought of as corresponding to a pricing kernel.
Lemma 2 The function
defines a Radon-Nikodym derivative.
Proof. Sketch: We first need that dQ dP¯F t > 0 which is immediate. When then need that E P 0 £ dQ dP ¤ = 1. This can be shown using the law of iterative expectations relying on the fact that {µ t , r t , σ 2 t } are all known at the end of period t − 1. See the Appendix for the details.
We have demonstrated that the process (3.2) is a Radon-Nikodym derivative of a probability measure equivalent to P . We now address the question whether this probability measure Q is an EMM.
Proposition 3 The probability measure Q defined by the Radon-Nikodym derivative (3.2) is an EMM.
Proof. We need to show that
Using the Radon-Nikodym theorem we get
Substituting the expression for dQ dP¯F t from Lemma 2 as well as the stock and bond return dynamics and taking expectations yields
which proves that Q is an EMM. See the Appendix for details.
We have found an EMM. Now we have to find the distribution of the innovation ε t and the dynamics of the stock return under the EMM Q.
Proof. As in Lemma 1 this result follows from the definition of Q and the normal distribution of ε t | F t−1 under P . See the Appendix for the details.
The stage is now set to derive the dynamic of the one period stock return under Q.
Proposition 4 Under the EMM
Proof. Under P we have
This is equivalent to
We know from Lemma 3 that under Q,
The dynamic of the stock return under Q is then given by
Given this dynamic, it is clear that under Q the conditional expected gross stock return is the gross return on the risk-free asset
Note that in the case of time-varying volatility, the change of measure will impact on the volatility process. A change in the probability measure to an EMM changes the distribution of the return shocks and therefore has an impact on the volatility process. The intuition underlying this fact is that the change of measure changes the mean of the stock price by the level of the risk premium. Therefore, the distribution of the volatility process determining option prices also changes, because it is affected by past returns.
To illustrate the effect of the risk-neutralization on the volatility process, we use a GARCH volatility dynamic. Using this example, we demonstrate also that the volatility process under the new measure coincides with the result in Duan (1995) and Amin and Ng (1993) , even though our result is derived in a different fashion. As argued above, this demonstrates that the results in the existing literature can be obtained as special cases within our setup.
Assume that under P the conditional variance follows a GARCH(1,1) process
Under the EMM Q the dynamics for the stock return change from (2.1) under P to (3.3) under Q. Using ε * t = ε t + µ t − r t , the volatility process under Q becomes
, a predetermined process with respect to the filtration. Then the risk neutral volatility process is
This is exactly the result in Duan (1995) who uses λ t = λ. Note that our setup, which allows for time variation in the price of risk, can potentially lead to significant improvements in the empirical fit of option pricing models. For example, we can specify a price of risk that depends on the volatility level. Note also that in line with the existing literature, the volatility process under the risk neutral measure is not preference free, because it depends on the risk premium.
The valuation of European style contingent claims
We have demonstrated that if the stock return is lognormally distributed, there exists an EMM Q that makes the stock discounted by the riskless asset a martingale. This holds for the case of constant mean return and volatility as well as for the time-varying case.
We now turn our attention to the pricing of European style contingent claims. Existing papers on the pricing of contingent claims in a discrete-time infinite state space setup, such as the literature on GARCH option pricing in Duan (1995) , Amin and Ng (1993) and Heston and Nandi (2000) , use an expected utility based equilibrium setup. This approach is based on the work by Rubinstein (1976) and Brennan (1979) for the case of constant mean return and volatility in discrete time. Provided that the EMM is defined (given certain preference restrictions), the pricing of contingent claims is straightforward since the Euler equation is valid for all assets, including contingent claims.
The equilibrium approach differs from the more often used no-arbitrage approach to the pricing of contingent claims in a discrete-time setup with a finite state space, or in a continuous-time setup (see Harrison and Kreps (1979) and Harrison and Pliska (1981) ). Under market completeness, every contingent claim can be replicated by a self financing portfolio of the underlying basic assets in the market, and the unique price is given by the expected value of this self financing portfolio, taken under the risk neutral probability measure, and discounted at the riskless interest rate. In incomplete markets there are an infinity of EMMs. In this case, the RNVR gives a no-arbitrage price for the contingent claim among an infinity of potential prices, and the problem of selecting a particular martingale measure remains.
We approach the pricing of contingent claims in the discrete-time, infinite state space case along the lines of Harrison and Kreps (1979) and Harrison and Pliska (1981) , and we discuss the differences with the existing approach that specifies the pricing kernel and uses the Euler equation.
Given our theoretical setup, the incomplete markets case is obviously of most interest, because most contingent claims that cannot be replicated by any self financing portfolio of the underlying basic assets in the market. We first cover the case of replicable contingent claims to provide some background.
Lemma 4
is the payoff of the option on the maturity date T .
Proof. The proof proceeds along the lines of Harrison and Pliska (1981, p. 228, Proposition 2.8 and 2.9) with minor changes. The proof is quite lengthy and is available on request.
In the lemma above we apply the arguments in Harrison and Kreps (1979) and Harrison and Pliska (1981) to show that if the contingent claim can be replicated, its unique price is determined as the expected value of its payoff, taken under the risk neutral density, and discounted at the riskless interest rate. We now tackle the more difficult case of non-replicable contingent claims. Most contingent claims are not replicable in an incomplete market setup.
The incomplete markets setup needed to tackle most problems of interest in the discrete-time literature, including GARCH processes, has been extensively analyzed in the continuous-time literature. For instance, in order to handle additional risk factors such as stochastic volatility (Hull and White (1987) , Heston (1993a)), the solution in the continuous-time literature is to show that the price of any contingent claim is given as the expected value of its payoff, taken under any one of the infinity of risk neutral densities, and discounted at the riskless interest rate. This approach yields a no-arbitrage price which is not unique. We will discuss the analogy with the continuous-time setup in much more detail in section 5. For now we note that motivated by the continuous-time setup, our aim is to prove that in the discrete-time infinite state space case, the no-arbitrage price of any contingent claim is given as the expected value of its payoff, taken under the EMM, and discounted at the riskless interest rate.
We have already found an EMM Q. We therefore want to demonstrate that the price at time t is defined as
The proof proceeds in a number of steps and requires defining a number of concepts that are well-known in the literature. Fortunately, even though our methodology closely follows the continuous-time case, we economize on the number of technical conditions in the continuous-time setup, such as admissibility, and avoid the concepts of local martingale and super martingale. The reason is that the integration over an infinite number of trading times in the continuous-time case is replaced by a finite sum over the trading days in discrete time.
Definitions
1. We denote by η t , δ t and ψ t the units of the stock, the contingent claim and the bond held at date t. We refer to the F t predictable processes η t , δ t and ψ t as investment strategies.
The value process
describes the total dollar amount available for investments at date t.
The gain process
captures the total financial gains between dates 0 and t.
4. We call the process {η t , δ t , ψ t } T −1 t=0 a self financing strategy if and only if V t = G t ∀t = 1, ..., T.
5. The definition of an arbitrage opportunity is standard: we have an arbitrage opportunity if a self financing strategy exists with either V 0 < 0, V T ≥ 0 a.s. or V 0 ≤ 0, V T > 0 a.s.
6. We denote the discounted stock price at time t as S Lemma 5 For a self financing strategy we have
Proof. The proof involves straightforward but somewhat cumbersome algebraic manipulations of the above definitions. See the Appendix for the details.
We know that under the EMM, the stock discounted by the risk free asset is a martingale. We now need to show that the contingent claims prices obtained by computing the expected value of the final payoff discounted by the risk free asset also constitute a martingale under this EMM.
Lemma 6
The stochastic process defined by the discounted values of the candidate contingent claims prices is an F t martingale under the EMM.
Proof. We defined our candidate process for the contingent claims price under the EMM as
The process for the discounted values of the contingent claims prices is then defined as
e use the fact that the conditional expectation itself is a Q martingale. This in turn follows from the law of iterated expectations and the European style payoff function. Taking conditional expectations with respect to F s on both sides of the above equation yields
Now using the law of iterated expectations we get
∀t > s which gives the desired result.
Lemma 7
Under the EMM in (3.2), the discounted gain process is a martingale.
Proof. Under the EMM Q, the process
is a Q martingale. Using a standard property of martingales the process defined as SS
) then is a Q martingale, since the investment strategy η t is included in the information set F t . Furthermore, from Lemma 6 we get that
is also a Q martingale. Then using the fact that δ t is an F t predetermined process and using the same martingale property as above we get that the process CC
) is a Q martingale. Then since from Lemma 5 the discounted gain process
is the sum of two Q martingales, SS At this stage, we have all the ingredients to show the following main result.
Proposition 5
If we have an EMM that makes the discounted price of the stock a martingale, then defining the price of any contingent claim as the expected value of its payoff, taken under this EMM and discounted at the riskless interest rate constitutes a no-arbitrage price. 
Proof. From Lemma 7 G
This is a contradiction because we assumed that we start with a negative value V 0 < 0. A similar argument works for type 2 arbitrage. Thus, the C t from the EMM Q must be a no-arbitrage price.
In summary, we have demonstrated that in a discrete-time infinite state space setting, if we have an EMM that makes the underlying asset price a martingale, then the expected value of the payoff of the contingent claim taken under this EMM, discounted at the riskless asset, is a no-arbitrage price. In section 3, we derived the EMM in the case of constant as well as time varying volatilities, mean returns and risk free rates. We have therefore demonstrated that for any contingent claim paying a final payoff C T (S T ) the current price C t is
In the case of constant volatility, mean return and interest rate, the EMM Q is defined by dQ dP¯F t = exp
where as before ε 1:t ≡ P t i=1 ε i . And in the case of time-varying volatility, mean return and interest rate the EMM Q is defined by
Recall that the Duan (1995) and Heston and Nandi (2000) models are special cases of our set-up. In our notation, Duan (1995) assumes r t = r, and µ t = r + λσ t which in our framework corresponds to a Radon-Nikodym derivative of
Heston and Nandi (2000) instead assume r t = r, and µ t = r + λσ
which in our framework corresponds to a Radon-Nikodym derivative of
However, important cases are not covered by the existing option valuation literature. For example, in the original ARCH-M paper, Engle, Lilien and Robins (1987) find the strongest empirical support for a risk premium specification of the form
which cannot be used for option valuation using the available theory. In our framework it simply corresponds to a Radon-Nikodym derivative of
In recent work, Bollerslev, Gibbons and Zhou (2005) find empirical support for a autoregressive price of risk specification driven partly by a set of macroeconomic variables, X t . Generically, we can write
which would imply the Radon-Nikodym derivative of the form
Once again our approach allows for option valuation under such specficiation whereas the existing literature does not.
Analogy with the continuous time case
We have obtained an EMM and a no-arbitrage valuation result for the case of a lognormal stock return with constant mean and variance as well as time varying mean and variance. In both cases we work with an incomplete markets setup, and therefore we cannot use a replication argument to obtain the valuation result. Our result may be surprising because we demonstrate that the price of the contingent claim is given by the expected value of its payoff, taken under the EMM, and discounted at the riskless interest rate. This result is similar to the one obtained in a complete markets setup, where every contingent claim can be replicated by a self financing portfolio of the basic assets in the market.
In this section we provide more intuition for our result by pointing out that results with similar underlying logic are available in the incomplete markets continuous time literature. We illustrate this using a continuous time stochastic volatility specification, because this model is well known and has been extensively investigated in the empirical literature. We also briefly discuss the complete markets case in continuous time, which uses a replication argument. A comparison of the complete and incomplete markets cases in continuous time provides additional insight into the discrete time setup, and therefore also helps to understand our valuation result. The results in this section are of course well known in the literature, but we repeat them here so that the reader can gain additional intuition for our result and appreciate the similarities between the continuous time results and our discrete time results. Good overviews of existing results are Duffie (2001) and Karatzas and Shreve (1998) , and we will often refer to these sources to avoid replicating unnecessary detail.
The complete markets case
In a complete market setup, every contingent claim is replicable and has a unique price, and the EMM is unique. The standard example is the Black-Scholes model
with µ the mean return and σ the variance. The first fundamental theorem of asset pricing (see Duffie (2001) and Karatzas and Shreve (1998) ) guarantees that there is no arbitrage opportunity in the market under this setup. Using the second fundamental theorem of asset pricing (see again Duffie (2001) and Karatzas and Shreve (1998)) the market is complete. Every contingent claim is therefore replicable in this market. Using simple techniques along with the replication argument and the martingale representation theorem, it can be proven that the unique price C t for any contingent claim that pays C T (S T ) at date T is given by
], with Q the unique EMM.
It must be noted that even though the dynamic in (5.1) has constant mean return and volatility, the intuition underlying the valuation result is completely different from the intuition underlying our valuation results for the discrete time dynamic with constant return and volatility in (3.1). In our discrete time infinite state space setup, markets are not complete and the EMM is not unique, even with constant mean return and volatility. Nevertheless the valuation result we obtain in the discrete time case is identical to the standard one obtained in the Black-Scholes case conditional on choosing the EMM specified in section 3.1.
The incomplete markets case
The complete markets assumption simplifies the no-arbitrage pricing theory, and leads to results that are mathematically elegant and intuitively easy to understand. The drawback is of course that it is at least debatable whether markets are complete. A substantial research effort has therefore been devoted to valuing contingent claims under incomplete markets in a continuous-time setup. Here we briefly review the valuation arguments underlying the continuous time stochastic volatility model. We focus on the model proposed by Heston (1993a) , which contains a leverage effect, because it is the most popular stochastic volatility model in the empirical literature and provides a reasonably good fit. However, the presence of a leverage effect does not affect the intuition underlying the valuation result.
Our objective is to demonstrate that the valuation result for the continuous time stochastic volatility model uses an argument identical to the one we use in our discrete time setup, apart from technical jargon that is due to the more complex mathematical operations needed in a continuous time setup. In the discrete time infinite state space setup, we have demonstrated the existence of a family of EMMs without explicitly assuming a preference specification. Furthermore, we proved that pricing the contingent claim as the expected value of its payoff, taken under one of the risk neutral densities that we obtained, and discounted using the riskless asset, yields a no-arbitrage price for this contingent claim. This is in fact a valuation result that is very similar to the one obtained in the complete markets case, even though it is obtained using a very different approach.
The no-arbitrage approach is used for continuous time stochastic volatility models. In this literature, almost all papers focus on obtaining a no-arbitrage price among the infinity of potential prices that exists for the contingent claim. 10 The particular choice of EMM is motivated by the tractability of the resulting valuation result.
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Heston (1993a) considers the following dynamics for the stock price and volatility under the objective measure P
The correlation between z 1t and z 2t is equal to the constant ρ for all t, and µ t = µ t (S t , v t , t) is the mean return. The first fundamental theorem of asset pricing guarantees that there is no arbitrage opportunity in the market under this setup. Also notice that from the second fundamental theorem of asset pricing the market is incomplete since volatility is not 10 See for example Stein and Stein (1991) , Scott (1987) , Hull and White (1987) and Heston (1993a) , and Duffie, Pan and Singleton (2000) . 11 There exists a literature that is motivated by finding the best choice of equivalent martingale measure among the infinity that exists, which subsequently gives rise to the optimal price. See for instance Duffie and Richardson (1991) , Schweizer (1992 Schweizer ( , 1995 We now provide the risk neutral dynamics for (5.2). Our objective is to demonstrate that, while the specification of preferences is sufficient to obtain the risk neutral dynamics, as articulated in Heston (1993a) , it is not necessary. Rewriting (5.2)
where λ(S t , v t , t) denotes the volatility risk premium, which can be any function of time, the stock price and the volatility. Define the two-dimensional process
¢ be a two-dimensional P standard Brownian motion. It is assumed that the Novikov condition is satisfied for the process θ λ t . Thus the process
where k.k denotes the norm, can be proven to be a martingale under the objective probability space, which gives rise to an infinity of EMMs. We refer the reader to Karatzas and Shreve (1998) for details. For our purposes it is important to realize that for any choice of the function λ(S t , v t , t) we can define an EMM. Applying the Girsanov theorem we get
where
is a two-dimensional standard Brownian motion under any EMM Q λ defined as
In other words, for any choice of the function λ, there exists an equivalent measure Q λ that makes the discounted stock return a martingale. Thus there is an infinity of EMMs.
In a continuous time incomplete markets setup, different assumptions on the price of risk lead to differences in contingent claims valuation. From an empirical perspective, the best assumption on the price of risk should lead to the best fit for the option valuation model. Unfortunately, in the empirical literature on the stochastic volatility model alternative assumptions on the price of risk have not been investigated, perhaps because investigations of the model are prohibitively expensive in terms of computer time when closed form solutions to the contingent claims price are not available. The empirical literature follows Heston (1993a) , who refers to λ(S t , v t , t) as the volatility risk premium and works with λ(S t , v t , t) = λv.
12 This choice is interesting from two different perspectives. First, it can be motivated using Breeden's (1979) consumption based model, by considering the consumption process that emerges in the general equilibrium model of Cox, Ingersoll, and Ross (1985) . This means that this specification for the price of risk amounts to the specification of logarithmic utility. Second, this choice is convenient because it leads to a closed form solution for contingent claims prices. For our purpose it is important to note that the linear specification of the price of risk λ(S t , v t , t) is not necessary for the existence of the EMM in this setup. Choosing this specific functional form for the risk premium is equivalent to choosing one particular EMM among the infinity of existing EMMs. This is of course exactly what we do in the discrete time infinite state space setup.
Using the assumption λ(S t , v t , t) = λv t , as well as a straightforward change of variables, we get the following risk neutral dynamics.
where κ * = κ + λ and a * = aκ/(κ + λ). This demonstrates that Q λ defined by (5.2) is an EMM, since the discounted stock price is a martingale. A no-arbitrage price at time t for a contingent claim that pays C T (S T ) at date T is given by
Note that the discounted price process of any contingent claim is therefore a Q λ martingale. The prices defined this way constitute a market without arbitrage. This result does not rely on a replication argument as in the complete market case. The proof of this result can be found in Karatzas and Shreve (1998) . Finally, note that while our approach can be thought of as generalizing the existing discrete-time literature, it is more similar to the continuous time approach in the Heston (1993a) model (5.2) than to the discrete time literature. Duan (1995) and Heston and Nandi (2000) make a specific assumption on the equity risk premium, which implicitly corresponds to an assumption on the utility function. 13 It is an open question whether this assumption is consistent with the assumption on the utility function used to obtain the risk-neutral dynamic. Our specification of the return dynamic (2.1) does not make such a strong assumption on the equity risk premium, and therefore may avoid potential inconsistencies with the assumptions implicit in the risk neutralization.
Conclusion
This paper provides an alternative approach for the valuation of contingent claims in a discrete time infinite state space setup. Our valuation argument applies to lognormally distributed stock returns with constant mean return and volatility as well as time varying return and volatility, provided that these moments are predetermined one period ahead. This includes many of the most widely applied processes in finance, such as GARCH processes. The existing literature values contingent claims using a RNVR based on an assumption on the economy's stochastic discount factor. Our approach uses a no-arbitrage argument based on the existence of an EMM. Because we work in an incomplete markets setting, there are an infinite number of EMMs. However, the specification of the risk premium effectively selects one of these measures that makes the discounted return process a martingale. For GARCH processes, our setup generalizes the result in Duan (1995) in the sense that we do not restrict the price of risk to be constant, nor do we require the risk premium to be linear in volatility or variance. Duan's result, which is based on an assumption on the stochastic discount factor, obtains as a special case, which clearly demonstrates that starting from a particular utility function or stochastic discount factor is one particular way to choose an EMM that yields a no-arbitrage price. We discuss the continuous time stochastic volatility model, which is also an incomplete markets model, and demonstrate that our valuation argument is very similar to the one in continuous time. There are an infinite number of EMMs and a given specification of the price of risk selects one of these measures and therefore selects a no-arbitrage price. This specification of the price of risk may be-but does not need to be-motivated by a utility-based argument. Finally, because we do not make strong assumptions on the equity risk premium, we may also avoid potential inconsistencies between the utility function implicit in the risk neutralization and the utility function implicit in the equity risk premium.
These results suggest a number of extensions. Most importantly, our valuation framework allows us to value contingent claims using a time-varying price of risk. Our valuation formulas allowing for a time-varying price of risk do not impose a higher computational burden than the constant price of risk specification, and therefore an empirical investigation of different specifications of the price of risk will prove of great interest. It may be argued that no particular specification of the price of risk ought to be preferred over another for theoretical reasons. Different specifications simply select different no-arbitrage prices, and a better specification of the price of risk ought to lead to a better model for contingent claims valuation.
Another important application is to investigate stock return processes with different innovations. All results in this paper are based on lognormal models. There is an emerging literature that demonstrates how to deal with nonnormal innovations. 14 It should prove possible to use these results in the context of the valuation argument in this paper, leading to potentially even richer models of contingent claim valuation.
Appendix
Proof of Proposition 1. Under the objective measure P we have
and the dynamic for the risk-free asset is given by B t = exp(rt). The objective is to look forᾱ such that Qᾱ satisfies
The Radon-Nikodym theorem gives
Using the definition of dQᾱ dP¯F t we get
which is equivalent toᾱ = µ−r σ 2 . Thus an EMM Qᾱ defined as
is an EMM if and only ifᾱ = µ−r σ 2 .
Proof of Lemma 1. To derive the appropriate conditional distribution of ε t under the EMM, we use the conditional version of the Radon-Nikodym theorem (Halmos (1974) , p. 128), which states that
where f Q is the conditional density of ε t under Q.
We have ε t | F t−1 ∼ N(0, σ 2 ) under P , and therefore
We also have
This gives
We therefore conclude that under the measure Q, ε t | F t−1 ∼ N(−(µ − r), σ 2 ).
Proof of Lemma 2. To show that Q defined by the Radon-Nikodym derivative is indeed a probability measure, we need to show that dQ dP¯F t > 0 which is immediate. We also need to show that E . We have
Using the law of iterative expectations
Note that this result obtains because the volatility, the mean and the riskless return at time t are measurable with respect to F t−1 . Iteratively using this result we get
Proof of Proposition 3. We want to show that Q is a probability measure that makes the stock discounted by the riskless asset a martingale. We need to prove that We therefore conclude that under the measure Q, ε t | F t−1 ∼ N(−(µ t − r t ), σ 2 t ).
Proof of Lemma 5. For a self financing strategy we have
= η t+1 S t+1 + δ t+1 C t+1 + ψ t+1 B t+1
It follows that
We can trivially also write
This implies that Therefore the discounted gain can be written
and the proof is complete.
